INTRODUCTION
Vortex light carries orbital angular momentum (OAM) characterized by ) ( exp  il , where  is the angular coordinate and l is the topological charge (TC) 1 . These OAM beams have been widely used in a variety of interesting applications, such as micromanipulation 2, 3 , probing the angular velocity of spinning microparticles or objects 4, 5 , quantum information 6, 7 and optical communication 8, 9 .
Apparently, TC is a basic physical parameter to characterize OAM light. The capability of distinguishing different OAM modes is essential in OAM-based optical system. There are many interference methods to covert the OAM modes into identifiable intensity patterns, such as holographic detection with plasmonic photodiodes 10 and diffraction patterns of various apertures [11] [12] [13] [14] [15] . In these schemes, the hybrid OAM modes are hard to distinguish. To distinguish the hybrid OAM states, a common approach is to convert the unknown OAM modes to the fundamental mode (TC=0) with a spatial light modulator (SLM) and then calculate the power ratio of each mode after mode filtering [16] [17] [18] . This approach needs to measure the power of OAM modes one by one, or requires multiple photodetectors, which is either time-consuming or cumbersome to use. Another popular approach is to sort the hybrid OAM modes into different spatial locations, such as Cartesian to log-polar coordinate transformation [19] [20] [21] [22] , interferometric methods based on a rotation device [23] [24] [25] . These techniques require photodetector arrays to detect the separated OAM states and it is difficult to measure a large number of hybrid OAM modes for the finite diffraction space. There are also some progresses of measurement of the power spectrum by mapping the OAM spectrum to time 26, 27 , but the measured range and phase detection are limited. Moreover, it cannot measure the OAM modes with negative TCs. In view of the imperfect measurement of state of the art, it is desirable to develop an OAM complex spectrum analyzer enabling instantaneous and accurate measurement of OAM mode distribution of light, similar to the function of optical spectrum analyzer to characterize the frequency distribution. The OAM complex spectrum analyzer is defined as a device that can measure the power and the phase distributions of OAM components simultaneously. In 2014, the complex probability amplitudes of OAM states were successfully measured at the single photon level through sequential weak and strong measurements 28 . However, OAM complex spectrum analyzer in classical 3 information system has been rarely reported and achieved yet. In recent years, a new transversal Doppler effect (rotational Doppler Effect) was demonstrated associated to the transverse helical phase and the Doppler velocimetry of rotating objects was developed based on this effect 4, 29 . In turn, this effect shows great potential for OAM complex spectrum analyzer.
In this article, we demonstrate a prototype of OAM complex spectrum analyzer by employing rotational Doppler Effect. The system consists of unknown input OAM beams, a strong reference light, a spinning reflective object, a mode filter and a photodetector. The original OAM mode distribution is mapped to electrical spectrum of beating signals detected by a photodetector. The OAM power spectrum is measured with inherent noise via initial measurement. However, the inherent noise can be fully eliminated via subtraction of the initial measurement and another constant-noise measurement. System calibration is also discussed when the input modes are mapped into the beating signals with an unequal efficiency, meanwhile, the phase distribution of OAM modes can also be acquired via calibration. Similar to the optical spectrum analyzer, our scheme has huge potentials in OAM complex spectral analysis and measurement for OAM-based communication systems and quantum systems.
MATERIALS AND METHODS
When an OAM light illuminates a spinning object with a rotating speed at  , as shown in Fig. 1 , the scattered light will have a frequency shift, which is related to the change of TC. The reduced Doppler shift is given by where l is the TC of incident light, m is the TC of scattered light. Equation (1) suggests us that the reduced frequency shift is dependent on the TCs of the incident and scattered light, and the rotating speed. These features can be utilized to measure the OAM complex spectrum of light. In our recent work 30 , we presented a model to sufficiently investigate the optical rotational Doppler Effect based on modal expansion method. Here, we provide a simple derivation based on this model to explain how the effect can be used to measure the OAM complex spectrum. For simplicity, we ignore the difference along the radial, so the modulated function of spinning object can be expressed in Fourier expansion form  always has a fixed deviation relative to the one of input OAM mode and the deviation can be calibrated by a pre-measurement, so the phase distribution of input OAM modes can be also retrieved by system calibration. 6 Note that the cross terms of input OAM modes are ignored, so some noise is introduced in this scheme. In fact, the noise from the cross terms can be removed by twice measurements, only if we change the power of reference light. The subtraction of AC signal of twice measurements is given by
Therefore, by a measurement with a strong reference light (defined as initial measurement), we can measure the OAM power spectrum with inherent noise. And through subtraction of the initial measurement and another measurement by changing the power of reference light (defined as constant-noise measurement), the inherent noise can be eliminated perfectly.
In fact, the characteristic of spinning object is hard to precisely determine in practical applications, so the system calibration is required. The calibration procedure is divided into three steps. Firstly, we fix the power of reference light and input light, and then scan the input OAM mode to measure the complex amplitude (including amplitude and phase) of beating signal between every input mode and the reference mode one by one. The measured complex amplitudes are the reference data for calibration. Secondly, we set the input light as the one to be measured and then measure the complex amplitudes of every harmonic signal according to Eq. (5) or Eq. (6). Finally, the complex amplitude distribution of input OAM modes can be accurately retrieved via dividing the complex amplitudes of every harmonic signal by the reference data.
To evaluate the measurement accuracy, we define the measurement error by When the input modes and the reference mode simultaneously illuminate a spinning object, they will experience different Doppler frequency shifts. The Doppler frequency shift is linear with the input TC because only the fundamental mode (OAM0) is selected by the mode filter. The frequency differences will result in various beating signals which can be detected by a photodetector. The intensity of reference light is much stronger than that of the input light, so the beating signals among the input modes can be ignored (noise at real measurement) and we only need to consider the beating signals between the input light and the reference light. Shown as the amplitude-time (A-t) curves in Fig. 2,   8 the OAM-8 and the reference mode OAM-10 will result in a beating signal at two times of the rotating speed. Similarly, the frequencies of other beating signal are proportional to the TC differences between the input modes and the reference mode. Thus, the input OAM modes are successfully mapped to the beating frequencies and the amplitude of beating signal is proportional to the one of corresponding input OAM mode. Finally, we can get the OAM power spectrum through Fourier transform of the total intensity collected by the photodetector. It should be noted that we ignore the noise from the beating signals among the input modes, so it is feasible only when the reference light is much stronger than the input light in the initial measurement. The noise is irrelevant to reference light, thus it can be eliminated via subtraction of the initial measurement and another constant-noise measurement. The characteristic of spinning object is hard to determine in practical applications, so the calibration is required and the phase distribution of OAM modes can be also acquired via system calibration. We should notice that since only the OAM0 is collected by the photodetector, the overall efficiency of the scheme is quite low. Even so, it does not affect the measurement accuracy since a high sensitivity photodetector can be used.
RESULTS AND DISCUSSION

Experimental Setup
We design a proof of principle experiment to demonstrate the scheme. Figure 3 shows the experimental setup. The light emitted from the He-Ne laser (wavelength at 633 nm) is expanded with two lenses (L1 and L2), and then illuminates SLM1. The half wave plate (HWP) and polarization beam splitter (PBS) are used to select the horizontal polarization to match the operating polarization of SLM and to tune the input power. SLM1 is divided into three parts, shown as the inset. The outer part is fixed and used to generate the input OAM modes to be detected, the middle part is used to introduce the reference light, and the inner part is used to tune the power of reference light via changing the innermost radius. Only the input light (outer part) and the reference light (middle part) are diffracted from the first-order by adding a grating in the two areas. The first-order diffracted beam is selected with a pinhole (P1) and then illuminates the spinning object (SLM2). The pattern of SLM2 is rotated to scan the azimuth. Afterwards, the fundamental mode (OAM0) is selected by another pinhole (P2) and 9 then a charge-coupled device (CCD) is used to collect the light intensity. The lenses (L3, L4, and L5) are employed to tune the optical route. In order to implement a well-proportioned mapping from OAM modes to electrical spectrum, the spinning object characterized by Eq. (2) should have a uniform power distribution for each helical phase function and it can be achieved with a phase-only element by using iterative algorithm 31, 32 .
Measurement of OAM modes
Here, an SLM (SLM2) is employed to emulate the spinning object. Although the measurement power spectrum shows a good consistency with the expected distribution, we still find some deviations in Fig. 5(h) , which is mainly caused by the unequal conversion efficiency from the input modes to the beating signals. Meanwhile, it is hard to ensure even conversion efficiency for each mode in practical applications, and the phase distribution cannot be determined owing to the unclear phase mapping, so the calibration is necessary. Through system calibration, we can acquire the complex amplitude (containing amplitude and phase) distribution of OAM modes precisely. 
System calibration for a general spinning object
Now, we consider a more general case where the characteristic of spinning object is nonuniform or unknown. In the case, the conversion efficiency of every OAM mode to OAM0 is inconsonant, so it is because that the modulation function of spinning object has a nonuniform harmonic distribution and the phase mapping is unclear. Here, the phase distribution in Fig. 6(b) is exactly the fixed deviation between 0 , p  and the phase distribution of input OAM modes. After getting the complex amplitude, we can start to measure the OAM complex spectrum. For example, we design a simple OAM mode superposition of input light, which is to be measured. The input modes consist of finite modes (TC=-10, -5, 0, 5, 10), whose initial intensity and phase distribution are set as (1, 2, 1, 2, 1) and respectively, which agree well with the theoretical calculations. In Fig, 6(h) , the phase of the OAM modes whose power is very small is amended to null. Figure 7 demonstrates a more general and complex measurement with calibration, where the unknown amplitude distribution is set as a triangular function and the phase is set irregularly. The simulated patterns and experimental patterns of input light are presented in Fig. 7(a) . The final power distribution and phase distribution of OAM modes are presented in Figs. 7(b) and (c) respectively. The measurement error is about 0.0055. We can see that the measured power distribution matches well the theoretical calculations. Although 13 there are some apparent errors in the phase measurement, it is acceptable because the corresponding OAM modes have quite low power. 
Discussion
In the above, we design an experiment to demonstrate our scheme at the proof-of-concept level.
We use an SLM (SLM1) to generate the input light to be measured and the reference light simultaneously. Note that according to the theory of rotational Doppler Effect, the spinning object is not necessarily really rotated. Equation (5) reveals the rotation of object is equivalent to the rotation of surface modulated function of fixed object. Therefore, another SLM (SLM2) is employed to emulate the spinning object. We scan the azimuth by rotating the pattern loaded in SLM2 and record the collected intensity by a CCD. Since the frame rate of SLM is about 60 Hz, it will take a few seconds to complete the measurement. On the other hand, a real spinning object will increase the requirement of mechanical performance or introduce mechanical vibrations resulting in unstable working state. In a real-world scenario, we can use a digital mirror device (DMD) instead of SLM2. The DMD has a similar function to the SLM but with a higher frame rate up to 20 kHz, and it is fast enough for practical application. Besides, our configuration works only for a single wavelength, so we can introduce the reference light from an additional tunable laser in real deployment, similar to the local oscillator in coherent optical communication systems 33 .
Our scheme can be also extended to measure the mode distribution in few-mode fiber only by mapping the OAM modes to the eigenmodes of fiber. In most cases, only a small number of eigenmodes are used as independent channels, such as spatial modes (i.e., LP01, LP11a, LP11b, LP21a
and LP21b, where LP represents linear polarization modes, a and b represent the even modes and the old modes respectively) in few-mode fiber. These modes have differences only in the azimuthal mode index which is similar to OAM modes. In fact, the OAM modes are the orthogonal basis of Fourier expansion by complex exponential series, and the LP modes are the orthogonal basis of Fourier expansion by trigonometric series. These two bases can be converted to each other. So we just need measure the OAM complex spectrum firstly and then map it to the complex spectrum based on LP modes. The ability of measuring the mode distribution in fiber shows great applications in optical fiber communication. 
CONCLUSIONS
In summary, we demonstrate a prototype of OAM complex spectrum analyzer based on rotational Doppler Effect. The system consists of unknown input OAM beams, a strong reference light, a spinning reflective object, a mode filter and a photodetector. The OAM power spectrum is measured with inherent noise via initial measurement by introducing a strong reference light. The noise is mainly from the cross terms of input OAM modes and can be reduced by increasing the power ratio between the reference light and the input light. We further demonstrate that the noise can be eliminated by subtraction of the initial measurement and another constant-noise measurement. Finally, we give an example to calibrate the OAM power spectrum for a general spinning surface, whose modulation function has an uneven distribution in Fourier expansion along 16 azimuthal direction. And through calibration, the phase distribution can be acquired. Similar to the optical spectrum analyzer, the ability to measure the OAM complex spectrum of light has important applications for future OAM-based optical communication systems, few-mode fiber systems, and optical quantum systems.
